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Abstract

Branching Programs (BPs) are a well-established com-
putation and representation model for Boolean functions.
Although exponential lower bounds for restricted BPs such
as Read-Once Branching Programs (BP1s) have been
known for a long time, the proof of lower bounds for impor-
tant selected functions is sometimes difficult. Especially the
complexity of fundamental functions such as integer multi-
plication in different BP models is interesting.

In [4], the first strongly exponential lower bound of
�
(
2n/4

)
has been proven for the complexity of integer mul-

tiplication in the deterministic BP1 model. Here, we con-
sider two well-studied BP models which generalize BP1s
by allowing a limited amount of nondeterminism and multi-
ple variable tests, respectively. More precisely, we prove a
lower bound of�

(
2n/(7k)

)
for the complexity of integer mul-

tiplication in the(∨, k)-BP model. As a corollary, we obtain
that integer multiplication cannot be represented in polyno-
mial size by nondeterministic BP1s, if the number of non-
deterministic nodes is bounded bylogn− log logn−ω(1).
Furthermore, we show that any(1,+k)-BP representing in-

teger multiplication has a size of�
(
2

n
48(k+1)

)
. This is not

polynomial for k= o(n/ logn).

1. Introduction

1.1 Branching Programs

Branching Programs (BPs) or equivalently binary deci-
sion diagrams (BDDs) belong to the most important nonuni-

∗Supported in part by DFG grant We 1066

form models of computation. Deterministic and nondeter-
ministic BPs can be simulated by the corresponding Tur-
ing machines, and the BP complexity of a Boolean function
is known to be a measure for the space complexity of the
corresponding model of sequential computation. Therefore,
one is interested in large lower bounds for the complexity of
explicitly defined functions in BP models.

Definition 1 A (deterministic)Branching Program(BP) on
the variable setZn = {z1, . . . , zn} is a directed acyclic
graph with one source and two sinks. The internal nodes are
marked with variables inZn and the sinks are labeled with
the Boolean constants 0 and 1. Further, each internal node
has two outgoing edges, marked with 0 and 1, respectively.
A nondeterministicBranching Program is a BP with some
additional unmarked nodes having out-degree 2, which are
callednondeterministic nodes.

Let G be a (possibly nondeterministic) BP onZn and
a = (a1, . . . ,an) ∈ {0,1}n an assignment to the variables
in Zn. A source-to-sink path inG is calledcomputation
pathof a, if it leaves any node marked withzi over the edge
labeled withai . Note that in a deterministic BP each in-
put defines exactly one computation path, while in a nonde-
terministic BP multiple computation paths are possible for
each input.

Let Bn denote the set of Boolean functionsf : {0,1}n→
{0,1}. The BPG represents a functionf ∈ Bn, for which
f (a) = 1 if and only if there exists a computation path for
a leading to the 1-sink.

Thesizeof G, denoted by|G|, is the number of its nodes.
The Branching Program complexityof a Boolean function
f is the size of the smallest BP representingf .

Until today, no super-polynomial lower bounds for the
size of general BPs representing an explicitly defined func-



tion are known. Therefore, various types of restricted BPs
have been investigated, and one is interested in refining the
proof techniques in order to obtain lower bounds for less
restricted BPs.

There are several possibilities to restrict BPs, among
them restrictions on the multiplicity of variable tests or the
ordering in which variables may be tested.

Definition 2 (i) A Read-Once Branching Program
(short: BP1) is a BP where each variable appears on
each computation path at most once.

(ii) A BP is calledoblivious, if the nodes can be partitioned
into levels such that edges point only from lower to
higher levels and all internal nodes of one level are
marked with the same variable. AnOrdered Binary
Decision Diagram(short: OBDD) is an oblivious BP1.

(iii) A (∨, k)-BP1 G is a family of k deterministic BP1s
G1, . . . ,Gk. If f1, . . . , fk are the functions repre-
sented byG1, . . . ,Gk, thenG represents the function
f1 ∨ . . . ∨ fk. The size ofG is |G1| + . . .+ |Gk|.

OBDDs are probably the most popular Branching Pro-
grams, because they have found many applications, e.g. in
the area of circuit verification and model checking. On the
other hand, BP1s have been studied for a long time by com-
plexity theorists. The first exponential lower bounds date
back to the 80s [13, 16], and today, lower bounds for ex-
plicitly defined functions are as large as 2n−O(log2 n) [1].
Borodin, Razborov and Smolensky [5] have presented a
lower bound technique for nondeterministic BP1s, and until
today, almost all exponential lower bounds for this model
are based on their technique.

Note that(∨, k)-BP1s can be regarded as nondetermin-
istic BP1s withk− 1 nondeterministic nodes which are lo-
cated at the top of the BP1. Lower bounds for this BP-
model have been proven e.g. by Savický and Sieling [11].
It is motivated by Jain, Bitner, Fussell and Abraham [8],
who suggested to use so-calledPartitioned BDDs, which
are(∨, k)-BP1s where the corresponding BP1s are in fact
OBDDs.

In order to consider more general BP models than BP1s,
one can allow to test variables more than once on the com-
putation paths. Then, one can either restrict the number of
tests for each variable or the number of variables which are
allowed to be tested more than once.

Definition 3 (i) A read-k-times Branching Program
(short: BPk) is a BP where each variable appears on
each computation path at mostk times.

(ii) A (1,+k)-BP is a BP where for each computation path
p there exist at mostk variables appearing onp more
than once.

The technique of Borodin, Razborov and Smolensky [5]
also allows exponential lower bounds forsyntacticBPks,
i.e. BPks, where the restriction that each variable can be
tested at mostk times holds even for each graph-theoretical
path. Super-polynomial lower bound proofs for(1,+k)-
BPs can be found in several papers, and have been proven
for values ofk up too(n/ logn) [9].

1.2. Integer Multiplication

In order to prove exponential lower bounds for arbi-
trary but explicitly defined Boolean functions, the func-
tions are often ”designed” in such a way that they fit the
lower bound techniques. But besides the interest in finding
lower bounds as large as possible or proving lower super-
polynomial lower bounds for more and more general BP
models, it is necessary to determine the complexity ofim-
portant Boolean functions. Furthermore, it is generally a
more difficult task to prove large lower bounds for some
predefined and interesting function. Finding lower bound
proofs for such functions may either help to develop new or
refined proof-techniques, or can lead to new insights in the
properties of the considered function.

Motivated by the applications the basic arithmetic func-
tions are of particular interest.

Definition 4 The function MULk,n : {0,1}n × {0,1}n →
{0,1} is the Boolean function which computes the bitzk of
the product(z2n−1 . . . z0) of two n-bit integers(xn−1 . . . x0)

and(yn−1 . . . y0).

Generally, the middle bit of integer multiplication (i.e. the
(n − 1)th) bit is the most difficult bit to compute. Hence,
we consider the function MUL := MULn−1,n.

Bryant [6] has proven an exponential lower bound of
2n/8 for the function MUL in the OBDD model, and Gergov
has shown an exponential lower bound for nondeterminis-
tic linear-length oblivious Branching Programs [7]. Ponzio
later showed that the complexity of this function is 2�(

√
n)

for BP1s [10]. Recently, progress in determining the com-
plexity of integer multiplication was obtained by a new ap-
proach in the analysis of MUL, which was based on univer-
sal hashing. Woelfel [14] improved Bryant’s lower bound
in the OBDD model to�

(
2n/2

)
and Bollig and Woelfel [4]

showed a lower bound of�
(
2n/4

)
for general BP1s.

But oblivious BPs are very restricted in the sense that the
variable tests have to be performed in the same order on ev-
ery computation path. A generalization of obliviousness for
nondeterministic BP1s is obtained by restricting the order
of variable tests in such a way that it equals for each input
the order of variable tests being performed in a complete
deterministic BP1 (the so-calledgraph ordering). The re-
sulting restricted nondeterministic BP1s are calledgraph-
driven and if the graph ordering is a tree, then they are



calledtree-driven. An exponential lower bound for nonde-
terministic tree-driven BP1s representing MUL was proven
by Bollig [2]. Using the results about integer multiplication
from [4], Bollig, Waack, and Woelfel [3] have proven an
exponential lower bound for the complexity of MUL in re-
stricted parity-nondeterministic graph-driven BP1s (parity-
nondeterminism means that the function value equals 1 iff
an odd number of computation paths for the given input
reaches the 1-sink).

1.3. Results

Nevertheless, there is yet no super-polynomial lower
bound known for MUL in the general nondeterministic BP1
model or for deterministic BPks with k > 1. Furthermore,
all the known lower bounds require that the BP model is ei-
ther read-once and deterministic or that the order in which
variable tests can be performed is somehow restricted.

One contribution of this paper consists of exponential
lower bounds for nondeterministic BP1s which obey no re-
striction on the ordering of variable tests, but where the
amount of nondeterminism is limited. More precisely, we
prove that any(∨, k)-BP1 for MUL has a size of�

(
2n/(7k)

)
.

As a corollary, we obtain that any nondeterministic BP1 for
MUL has super-polynomial size if the number of nonde-
terministic nodes is bounded by logn − log logn − ω(1).
Furthermore, we present the first exponential lower bound
for a deterministic nonoblivious model allowing multiple
variable tests. We show that any(1,+k)-BP for MUL has
a size of�

(
2

n
48(k+1)

)
and hence is not polynomial ifk =

o(n/ logn). This matches asymptotically the best known
values ofk, for which super-polynomial lower bounds have
been proven [9].

In order to prove the results, we define properties of
Boolean functions, and prove that these properties imply
the desired lower bounds. This way, we obtain new lower
bound techniques for the two models, which might be of
independent interest.

2. Preliminaries

In the following text, we consider functions defined on
then+m Boolean variablesXn = {x1, . . . , xn} andYm =

{y1, . . . , ym}. We denote byBn+m the set of Boolean func-
tions f : {0,1}n × {0,1}m → {0,1}, and assume that an
input to such a function is always specified by an assign-
ment to the variables inXn∪Ym. If not otherwise specified,
then Xn is the set of alln-bit strings andYm is the set of
all m-bit strings and the elements ofXn andYm are speci-
fied by assignments to the variables inXn andYm, respec-
tively. Hence, a functionf ∈ Bn+m takes as input a pair
(a,b) ∈ Xn × Ym.

If we do not want to distinguish betweenx- and y-
variables, then we talk aboutz-variables, where we mean
variables inZn+m = {z1, . . . , zn+m}. A partial assignment
toZn+m is an elementα = (α1, . . . , αn+m) ∈ {0,1, ∗}n+m.
While a positionαi with value 0 or 1 means that the input
variablezi is fixed to the corresponding constant, a value
of ∗ means that the input variable remains free. The set
S(α) := {zi | αi 6= ∗} is called thesupportof α. We say
that a complete assignmenta = (a1, . . . ,an+m) toZn+m is
consistentwith a partial assignmentα to thez-variables, if
ai = αi for all zi ∈ S(α). If f ∈ Bn+m andα is a par-
tial assignment toZn+m, then f |α is the subfunction off
obtained by restricting it to inputs consistent withα. If α
andβ are partial assignments with disjoint supports, then
αβ means the partial assignment for which

(αβ)i =


αi if zi ∈ S(α)

βi if zi ∈ S(β)

∗ otherwise.

If α and β are partial assignments with the same sup-
port, thenD(α, β) denotes the set of variableszi ∈ S(α)
(= S(β)), for whichαi 6= βi . Finally, let p be a path in a BP
G leading from the source to an arbitrary node. We say that
a partial inputα inducesthe pathp, if αi = c (c ∈ {0,1})
for anyc-edge ofp leaving a node marked withzi .

3. Lower Bounds for (∨, k)-BP1s

In [15], a property calledk-wise l-mixedhas been de-
fined for Boolean functions. It was proven there, that any
function having this property has a complexity of 2�(l ) in
the (1,+(k − 1))-BP model and in the nondeterministic
BP1 model, where the number of nondeterministic nodes is
bounded byk− 1. The reason why we cannot simply apply
this technique to the function MUL is that it is not possible
to distinguish between different variable types by using the
technique. More precisely, the technique requires to con-
sider different subfunctions which are obtained by setting
arbitrary variables to constants. Hence, for integer multipli-
cation, two different subfunctions might be obtained by as-
signing different constants to somex- and somey-variables.
But the properties we know about integer multiplication al-
low us only to consider partial assignments, where either
only thex-assignments or only they-assignments differ.

Therefore, we introduce a somewhat related but more in-
volved property of Boolean functions, which can cope with
two types of variables, and is applicable to integer multipli-
cation.

3.1. The Lower Bound Technique

We define this property by the description of ak-round
game played by two players, Alice and Bob. We call the



gameG∨( f, k, l , ε), where f ∈ Bn+m, k is the number of
rounds,l is a positive integer, and 0≤ ε ≤ 1.

Let B0 = Ym. Alice starts thei th round (1≤ i ≤ k)
by choosing a subsetAi ⊆ Bi−1, |Ai | ≥ ε|Bi−1|, a set
Vi ⊆ Xn \ (V1 ∪ . . . ∪ Vi−1), |Vi | ≤ l , and two partial as-
signmentsαi 6= βi with supportVi . After that, Bob finishes
the round by choosingBi ⊆ Ai andγi ∈ {αi , βi }.

We denote byγ ∗i the element in{αi , βi } \ {γi } (for
1≤ i ≤ k), and after ak-round game we letc = γ1 . . . γk

andci be the partial input obtained fromc by replacingγi

with γ ∗i . Bob wins the game, if afterk rounds there exists an
elementb ∈ Bk and a partial assignmenta to the variables
in Xn \ (V1 ∪ . . . ∪ Vk) such that

f |c(a,b) = 1 ∧

( k∨
j=1

f |c j (a,b) = 0

)
.

Otherwise, Alice wins.
If Bob has a winning strategy for the gameG∨( f, k, l , ε)

for some functionf ∈ Bn+m, then the function has a prop-
erty which makes it hard for(∨, k)-BP1s.

Theorem 1 Let f ∈ Bn+m and k and l be two integers
with 1 ≤ kl < n. If Bob has a winning strategy for the
gameG∨( f, k, l , ε), whereε ≥ 1/22l−1, then any(∨, k)-
BP1 representing f has a size of at least2l−1

+ 2.

The theorem will be proven in the rest of this section.
In order to do so, we state after the following definition a
lemma which implies that if a(∨, k)-BP1 {G1, . . . ,Gk} is
too small, then Alice can make her choices in such a way
that each computation path induced byc andc j (1≤ j ≤ k)
will meet at an edge inG j .

Definition 5 Let e = (u, v) be an edge of a deterministic
BP G defined on some variable setZ. The setLG(e) con-
sists of all pairs(τ, τ ′) of partial assignments to the vari-
ables inZ for which the following two conditions are ful-
filled.

1. S(τ ) = S(τ ′) andτ 6= τ ′.

2. The partial assignmentsτ and τ ′ induce computa-
tion pathsp and p′ starting at the source and passing
throughe such that any variable inD(τ, τ ′) is either
tested onp and p′ beforev is reached or is not tested
on any path fromv to a sink.

We denote byLG the union of allLG(e).

The idea behind the setLG(e) is that a computation reach-
ing an edgeecannot distinguish two partial inputsτ, τ ′ with
(τ, τ ′) ∈ LG(e). In other words, the BP ”forgets” at the
edgee thatτ andτ ′ are different.

Lemma 1 Let G be a deterministic BP1 representing a
function f ∈ Bn+m depending on the n+ m variables in
Xn ∪ Ym, and let Y∗ ⊆ Ym. Let further1 ≤ l < n be an
integer such that|G| ≤ 2l−1

+ 1. Then there exist

1. an edge e in G,

2. a set V⊆ Xn, |V | = l,

3. partial assignmentsα 6= β to the x-variables with
S(α) = S(β) = V ,

4. and a set Y′ ⊆ Y∗ with
∣∣Y′∣∣ ≥ |Y∗|/22l−1

such that
(
(α,b), (β,b)

)
∈ LG(e) for all b ∈ Y′.

This lemma is the main ingredient to the lower bound
proof of Theorem 1. In order to prove it, we combine
the idea behind the well-known lower bound technique for
BP1s of Simon and Szegedy [12] with the following combi-
natorial statement, which helps us to cope with two different
variable types.

Proposition 1 Let D = (di, j ) be an(r × c)-matrix over
{0,1} having at least a fraction ofε (0 ≤ ε ≤ 1) 1-entries.
Then there exist two rows i6= i ′ such that for at least
εc(ε − 1/r ) columns j the entries di, j and di ′, j are equal
to 1.

Proof. We define for a columnj and for two different rows
i, i ′

δ j (i, i
′) :=

{
1 if di, j = di ′, j = 1, and

0 otherwise.

Let furtherγ j be the total number of 1-entries in column
j . Since

∑c
j=1 γ j ≥ εrc by the assumption that at least an

ε-fraction of the matrix entries equals 1, we have

c∑
j=1

(
γ j

2

)
=

c∑
j=1

γ j (γ j − 1)

2

≥

c∑
j=1

1

2

εrc

c

(εrc

c
− 1

)
=

εrc(εr − 1)

2
. (1)

For the inequality we have used the convexity of
(x

2

)
. There-

fore, we get

∑
1≤i<i ′≤r

1≤ j≤c

δ j (i, i
′) =

c∑
j=1

∑
1≤i<i ′≤r

δ j (i, i
′)

=

c∑
j=1

(
γ j

2

)
(1)
≥

εrc(εr − 1)

2
.



Hence, by the pigeon hole principle there exist two rows
i < i ′ such that

c∑
j=1

δ j (i, i
′) ≥

∑
1≤i<i ′≤r

1≤ j≤c

δ j (i, i ′)(r
2

)
≥

εrc(εr − 1)/2

r (r − 1)/2
≥ εc(ε − 1/r ),

which proves the claim.

We are now ready to prove Lemma 1.

Proof of Lemma 1. For each nodeu of G except the root
we let u+ be the set of variablesxi ∈ Xn for which there
exists a path fromu to a sink passing over a node marked
with xi . Similarly, we letu− be the set of variablesxi ∈ Xn

for which there exists a path from the source tou passing
over a node marked withxi . (Note that ifu is marked with
xi thenu+ ∩u− = {xi }). For the rootr we letr+ = Xn and
r− =

{
x j
}

if r is marked withx j andr− = ∅ if r is marked
with a y-variable.

We define a cutC through the BP1, which is the set of
edgese = (u, v) for which

∣∣u+∣∣ > n − l and for which∣∣v+∣∣ ≤ n−l . Sincer+ = Xn for the rootr , s+ = ∅ for each
sink s, andv+ ⊆ u+ for each edge(u, v), it follows that
each graph-theoretical source-to-sink path passes through
exactly one edge in the cutC.

For each such edgee = (u, v) ∈ C, we letVe ⊆ Xn be
an arbitraryl -element set for whichu− ⊆ Ve ⊆ Xn \ v

+.
(Such a set exists for each edge inC, because

∣∣u−∣∣ ≤ l ,∣∣Xn \ v
+
∣∣ ≥ l andu− ⊆ Xn \ v

+.) Hence, allx-variables
being tested on any path from the source toe are contained
in Ve, but no variable inVe is tested on a path frome to a
sink. Clearly, for any fixedb ∈ Y∗ the elementsa ∈ X for
which the inputs(a,b) pass overe are uniquely defined by
their setting of the variables inVe.

Following standard graph theoretical arguments it can be
seen thatC contains at most|G|−1 edges. Therefore, by the
pigeon-hole principle, there exists an edgee∈ C such that at
least 2l |Y∗|/(|G| − 1) different elements(α,b), whereα is
a partial assignment with supportVe andb is an element of
Y∗, induce computation paths passing overe. Now assume
that (α,b) and(β,b) are two different such elements. It is
obvious that then

(
(α,b), (β,b)

)
∈ LG(e).

We chooseV = Ve (recall that|Ve| = l ). We have to
show that there exist two different assignmentsα, β to the
variables inV as well as a setY′ ⊆ Y∗ of large enough
size such that all partial inputs(α,b) and(β,b) for b ∈ Y′

induce computation paths passing overe. In order to do
so, we consider a(2l

× |Y∗|)-matrix D, where each row is
associated with a partial assignment to thex-variables hav-
ing supportV and where each column is associated with an
elementb ∈ Y∗. We writedα,b for the entry in the row as-
sociated with the partialx-assignmentα and in the column

associated withb. We let each entrydα,b be 1 if the partial
input (α,b) passes overe and 0 otherwise.

By the discussion above, we know that the fraction of
1-entries in the matrix is at least 1/(|G| − 1) ≥ 1/2l−1.
Applying Proposition 1 we obtain that there exist two dif-
ferent rows associated withα andβ, respectively such that
the number of elementsb ∈ Y∗ with dα,b = dβ,b = 1 is
bounded below by

1/2l−1
·
∣∣Y∗∣∣(1/2l−1

− 1/2l
)
≥
∣∣Y∗∣∣/22l−1.

Let theseα and β be fixed and letY′ be the set of the
|Y∗|/22l−1 corresponding completey-assignments. Then
for eachb ∈ Y′ we have

(
(α,b), (β,b)

)
∈ LG(e).

The following obvious fact helps us to apply Lemma 1

Fact 1 Let G be a deterministic BP representing the func-
tion f , (τ, τ ′) ∈ LG and z be an assignment to the variables
not in S(τ ). Then either f|τ (z) = f |τ ′(z) or there exists a
variable in D(τ, τ ′) which is tested more than once on the
computation path ofτz (and on the computation path of
τ ′z).

We can finally prove the correctness of the lower bound
technique.

Proof of Theorem 1. Let G1, . . . ,Gk be deterministic
BP1s such thatG = {G1, . . . ,Gk} is an (∨, k)-BP1 with
at most 2l−1

+ 1 nodes representing a functionf . We show
the theorem by describing a winning strategy for Alice.

She will make her choices in such a way that after thei th
round

∀b ∈ Bi : (2)(
(γ1 . . . γi ,b), (γ1 . . . γi−1γ

∗

i ,b)
)
∈ LGi .

In the first round Alice achieves this by applying Lemma 1
to G1 for Y∗ = B0 (= Ym). This is possible because|G1| ≤

|G| ≤ 2l−1
+ 1 as required by the lemma. Letα1 andβ1 be

assignments obtained this way andA1 ⊆ B0 be the resulting
set of y-inputs. Note that|A1| ≥ ε|B0| for our choice of
ε. Alice choosesV1 = S(α1) (= S(β1)). Then we have
|V1| = l , α1 6= β1, and after Bob’s choice ofγ1 ∈ {α1, β1}

andB1 ⊆ A1, (2) is fulfilled.
Assume now that (2) holds after thei th round

(1≤ i < k). In the (i + 1)th round we consider the BP1
G(i+1)|γ1...γi , which is obtained fromGi by restricting it
to inputs according toγ1 . . . γi . Such a restriction is eas-
ily obtained by replacing any node with itsd-successor, if
it is marked with a variablex j , which is set byγ1 . . . γi

to the Boolean constantd. We apply now Lemma 1 in the
same way as in the first round, but now to the restricted BP1
G∗ := G(i+1)|γ1...γi and forY∗ = Bi . (Note thatG∗ is de-
fined on at leastn − i l > l x-variables.) Then there exists



an edgee, the setAi+1 ⊆ Bi and the partial assignments
αi+1 andβi+1 such that

(
(αi+1,b), (βi+1,b)

)
∈ LG∗(e).

Again it holds that|Ai+1| ≥ ε|Bi |. As in the first round,
Alice choosesVi+1 = S(αi+1) (= S(βi+1)) and because
Vi+1 = l andαi+1 6= βi+1, the choice is made accord-
ing to the rules of the game. Obviously, any input passing
through the edgee in G∗ also passes through the same edge
in G. Hence,

(
(γ1 . . . γiαi+1,b), (γ1 . . . γiβi+1,b)

)
∈ LG

for all b ∈ Ai+1. Altogether, after Bob’s choice ofγi+1 ∈

{αi+1, βi+1} (2) holds again.
Now assume that Alice and Bob have played the gamek

rounds such that (2) was fulfilled after each round. Leta be
an arbitrary assignment to the variables inXn\(V1∪. . .∪Vk)

and letb ∈ Bk. We show that Alice has won the game, i.e.

f |c(a,b) = 0 ∨

( k∨
j=1

f |c j (a,b) = 1

)
, (3)

wherec andc j are defined as in the description of the game.
We assume thatf |c(a,b) = 1 because otherwise there
is nothing to show. In this case, there exists a determin-
istic BP1 Gi ∈ {G1, . . . ,Gk} computing 1 for the input
(γ1 . . . γka,b). Note thatb ∈ Bk and hence by the rules of
the gameb ∈ Bi , too. Since (2) was fulfilled after each
round, we know that

(
(γ1 . . . γi ,b), (γ1 . . . γi−1γ

∗

i ,b)
)
∈

LG. Then, becauseGi is read-once, Fact 1 implies that
f |γ1...γi ,b(a) = f |γ1...γi−1γ

∗
i ,b
(a) and therefore

f (γ1 . . . γka,b) = f (γ1 . . . γi−1γ
∗

i γi+1 . . . γka,b).

Hence, f |ci (a,b) = f |c(a,b) = 1, which proves (3).

3.2. A Lower Bound for Integer Multiplication

In this section, we derive the lower bound for MUL in
the(∨, k)-BP model.

Theorem 2 Any (∨, k)-BP1 for MUL has a size of
�
(
2n/(7k)

)
.

Note that we can ”simulate” any nondeterministic BP1G
with t nondeterministic nodes by a(∨, k)-BP1, k = 2t ,
which has a size of at mostk|G|. This is done by hard-
wiring each of the at most 2t possible nondeterministic
decision-strings intoG, which yieldsk deterministic BP1s.
Hence, we obtain the following corollary from Theorem 2.

Corollary 1 Any nondeterministic BP1 for MUL
which contains at most t nondeterministic nodes
has a size of2�(n/2

t)−t , which is not polynomial for
t = logn− log logn− ω(1).

We prove Theorem 2 for the subfunction MUL′ :=
MUL |y0=1 of MUL, where they-inputs are restricted to odd
integers.

Let 1 ≤ l ≤ (n − 6)/(7k) − 3/7 andε = 1/22l−1.
We show in the rest of the section that Bob has a winning
strategy for the gameG∨(MUL ′, k, l , ε). Then Theorem 2
follows right away from Theorem 1 and from the fact that
MUL ′ is a subfunction of MUL.

Let Z2n be the set ofn-bit integers andZ∗2n =

{1,3, . . . ,2n
− 1} be the set of oddn-bit integers. For the

ease of notation, we do not distinguish betweenn-bit strings
and the corresponding integer values if we consider inputs
for the function MUL′. E.g., we write MUL′(x, y) as well
for (x, y) ∈ Z2n × Z

∗

2n as for(x, y) ∈ {0,1}n × {0,1}n−1.
Note also, that the set ofx-variables specifying thex-input
for MUL ′ is now{x0, . . . , xn−1} =: X ′n. If τ is a partial as-
signment to the variables inX ′n, then|τ | denotes the integer
in Z2n which corresponds to the bit stringtn−1 . . . t0, where
ti = τi if xi ∈ S(τ ) andti = 0 otherwise.

Fact 2 If τ, τ ′ are partial assignments to the x-variables
such that S(τ ) ∩ S(τ ′) = ∅, then|τ | +

∣∣τ ′∣∣ = ∣∣ττ ′∣∣.
We first recall two results about integer multiplication,

which have been obtained mainly in [4] but were stated in
this form explicitly in [3].

Lemma 2 ([3, 4]) Let Y ⊆ Z
∗

2n , 1 ≤ r ≤ n − 2 and
(zi , z′i ) ∈ Z2n × Z2n , 1 ≤ i ≤ s, where zi 6= z′i . Then
there exists a subset Y′ ⊆ Y ,

∣∣Y′∣∣ ≥ |Y| − s · 2n−r+2 such
that

∀y ∈ Y′,1≤ i ≤ s :

4 · 2n−r
≤
(
(zi − z′i )y

)
mod 2n ≤ 2n

− 4 · 2n−r .

Lemma 3 ([4]) Let X ⊆ Z2n and Y⊆ Z∗2n . If |X| · |Y| ≥
2n+2r+1 for some integer r≥ 0, then there exists an element
y ∈ Y such that for all q∈ {0, . . . ,2r

− 1}

∃x ∈ X : q2n−r
≤ (xy) mod 2n < (q + 1)2n−r .

The following proposition is obtained in an easy but
somewhat technically way from the previous lemma. We
state it in such a way that we can use it for the proof of The-
orem 2 as well as for the lower bound proof for(1,+k)-
BPs in the next section. The proof is omitted due to space
restrictions.

Proposition 2 Let X⊆ Z2n , y ∈ Z∗2n , z, z1, . . . , zk ∈ Z2n ,
and r ∈ N such that the following two properties are ful-
filled.

1. ∀q ∈ {0, . . . ,2r
− 1} ∃x ∈ X :

q2n−r
≤ (xy) mod 2n < (q + 1)2n−r .

2. ∃C ∈ {−1,+1} : ∀1≤ i ≤ k:

2n−1
≤
(
C(zi − z)y

)
mod 2n ≤ 2n

− 4 · 2n−r .



Then there exists x∈ X such that for all1 ≤ i ≤ k
MUL(x + z, y) > MUL(x + zi , y).

Let in the followingr = k(2l + 1) + 2 and recall that
l ≤ (n − 6)/(7k) − 3/7. It is easy to derive the following
inequality.

n+ 2r + 1 ≤ 2n− kl − k(2l + 1)− 1. (4)

We are now ready to describe Bob’s strategy. Consider a
partial assignmentγ1 . . . γi−1 obtained after the(i − 1)th
round as well as two assignmentsαi and βi to somex-
variables inVi . Further, letAi ⊆ Bi−1 be chosen by Alice.
Bob will make his choices in such a way that the following
invariants are fulfilled after thei th round.

(i) |Bi | ≥ 2n−1−i (2l+1).

(ii) ∀b ∈ Bi :
2n−1

≤
(
b
∣∣γ ∗i ∣∣− b|γi |

)
mod 2n ≤ 2n

− 4 · 2n−r .

Obviously, the proof of the following two claims com-
pletes the proof of Theorem 2.

Claim 1 Bob can achieve (i) and (ii) after the i th round for
i = 1, . . . , k.

Claim 2 If (i) and (ii) hold after the i th round for i =
1, . . . , k, then Bob wins the game.

Proof of Claim 1. For i = 0, we have|B0| =
∣∣Z∗2n

∣∣ =
2n−1. Hence (i) is fulfilled when the game starts or after the
0th round. We show now that if (i) holds after the(i − 1)th
round, then Bob can make his choices in such a way that (i)
and (ii) also hold after thei th round.

Let αi 6= βi andAi be the choices of Alice in this round.
By the rules of the game,|Ai | ≥ ε|Bi−1| = 2−(2l−1)|Bi−1|,
and hence because (i) was fulfilled in the previous round

|Ai | ≥ 2n−1−(i−1)(2l+1)−(2l−1)
= 2n−i (2l+1)+1. (5)

Becauseαi andβi are different, obviously|αi | 6= |βi |. We
apply Lemma 2 in order to obtain a setY′ ⊆ Ai ,

∣∣Y′∣∣ ≥
|Ai | − 2n−r+2, such that

∀b ∈ Y′ :

4 · 2n−r
≤ (b|αi | − b|βi |) mod 2n ≤ 2n

− 4 · 2n−r .

Note that if
(
b|αi | − b|βi |

)
mod 2n ≤ 2n−1, then(

b|βi | − b|αi |
)

mod 2n ≥ 2n−1 and vice versa. Hence, Bob
may chooseγi ∈ {αi , βi } such that for at least half of the
elementsb ∈ Y′ it holds

(
b
∣∣γ ∗i ∣∣− b|γi |

)
mod 2n ≥ 2n−1.

Bob then choosesBi to be exactly the set of these elements
in Y′, so that we obtain altogether

∀b ∈ Bi :

2n−1
≤
(
b
∣∣γ ∗i ∣∣− b|γi |

)
mod 2n ≤ 2n

− 4 · 2n−r ,

and (ii) holds. Furthermore, we have

|Bi | ≥
∣∣Y′∣∣/2 ≥ |Ai | − 2n−r+2

2
.

Note that becausei ≤ k, we obtain from (5) that|Ai |/2 ≥
2n−k(2l+1)

= 2n−r+2 (recall that r = k(2l + 1)+ 2).
Hence,

|Bi | ≥
|Ai | − |Ai |/2

2
= |Ai |/4

(5)
≥ 2n−1−i (2l+1).

Therefore, also (i) is fulfilled.

Proof of Claim 2. Let the game have been playedk rounds
such that (i) and (ii) hold after each round. We letz =
|γ1 . . . γk| andz j =

∣∣γ1 . . . γ j−1γ
∗

j γ j+1 . . . γk
∣∣.

We have to show how to choose an elementb ∈ Bk and a
partial assignmenta to the variables inX ′n \ (V1 ∪ . . . ∪ Vk)

such that for all 1≤ j ≤ k

MUL ′(|γ1 . . . γka|,b) >

MUL ′(|γ1 . . . γ j−1γ
∗

j γ j+1 . . . γka|,b).

Because of Fact 2, we can write this inequality as

MUL ′(z+ |a|,b) > MUL ′(z j + |a|,b). (6)

Let X′ be the set of all integers|a|, wherea is an assign-
ment to the variables inX ′n \ (V1 ∪ . . . ∪ Vk). Obviously,∣∣X′∣∣ ≥ 2n−kl . Furthermore, it is|Bk| ≥ 2n−1−k(2l+1), be-
cause invariant (i) is fulfilled after thekth round. Hence, we
get ∣∣X′∣∣ · |Bk| ≥ 22n−kl−k(2l+1)−1 (4)

≥ 2n+2r+1.

Applying Lemma 3, we can choose an elementb ∈ Bk such
that

∀q ∈
{
0, . . . ,2r

− 1
}
∃x ∈ X′ :

q2n−r
≤ (xb) mod 2n < (q + 1)2n−r . (7)

Let thisb be fixed from now on. Recall thatz = |γ1 . . . γk|

and z j =

∣∣∣γ1 . . . γ j−1γ
∗

j γ j+1 . . . γk

∣∣∣. Hence, by Fact 2

z j − z =
∣∣γ ∗j ∣∣ − ∣∣γ j

∣∣, and thus because of (ii) and because
b ∈ Bk ⊆ B j

∀1≤ j ≤ k :

2n−1
≤ (z j b− zb) mod 2n ≤ 2n

− 4 · 2n−r . (8)

By (7) and (8) all preconditions of Proposition 2 are ful-
filled, and therefore there exists an elementx ∈ X′ such that
for all 1≤ j ≤ k

MUL(z+ x,b) > MUL(z j + x,b).

Sinceb is odd, the same result holds also for MUL′ and thus
(6) is proven for all 1≤ j ≤ k.



4. Lower Bounds for (1,+k)-BPs

Similarly as in Section 3 we define now a property of
Boolean functions, which allows us to prove exponential
lower bounds in the(1,+k)-BP model. As in the previous
section the main difficulty lies in the task to cope with two
different variable types. Moreover, it seems not possible
to prove something similar as Lemma 1 for(1,+k)-BPs.
Therefore, the property we describe now differs from the
one used in the previous section. We describe it though,
again by a game played by two players, Alice and Bob.

Let f ∈ Bn+m. The game we describe below is called
G+( f, k, l , t), wherek andl are positive integers andt ≥ k
is the number of rounds (tl ≤ m+ n).

Alice starts thei th round(1 ≤ i ≤ t) by choosing a
setVi ⊆ (Xn ∪ Ym) \ (V1 ∪ . . . ∪ Vi−1) such that|Vi | ≤ l .
Further, Alice chooses two partial assignmentsαi 6= βi with
supportVi which differ only in their settings to variables of
one type, i.e.D(αi , βi ) ⊆ Xn or D(αi , βi ) ⊆ Ym. After
that, Bob choosesγi ∈ {αi , βi }. The game is finished after
thet th round.

Let c = (γ1 . . . γt ) andc j be the partial assignment ob-
tained fromc by replacingγ j with γ ∗j , where as in the pre-

vious sectionsγ ∗j is the element in
{
α j , β j

}
\
{
γ j
}
. Bob

wins the game, if there exist a setI ⊆ {1, . . . , t} of at
leastk indices and a partial assignmentλ to the variables
in (Xn ∪ Yn) \ (V1 ∪ . . . ∪ Vt ) such that

∀ j ∈ I : f |c(λ) 6= f |c j (λ).

Otherwise, Alice wins.

Theorem 3 Let f ∈ Bn+m, l ≥ 4, and tl≤ n+m. If
Bob has a winning strategy for the gameG+( f, k, l , t), then
any (1,+(k − 1))-BP representing f has a size of at least
2l/4−2

+ 2.

In order to prove the theorem by describing a winning
strategy for Alice, we use the following lemma.

Lemma 4 Let f ∈ Bn+m and4≤ l ≤ n+m. If G is a de-
terministic BP representing f with at most2l/4−2

+1 nodes,
then there exist two partial assignmentsα, β with support V
such that the following three conditions are fulfilled.

1. |V | ≤ l.

2. D(α, β) ⊆ Xn ∨ D(α, β) ⊆ Yn.

3. (α, β) ∈ LG.

Proof. Let l ′ = b(l + 3)/4c ≥ l/4. We denote bypa,b

the computation path of the input(a,b) ∈ Xn × Ym. On
each pathpa,b we determine the edgeea,b through which
the path passes after either exactlyl ′ x-variables or exactly
l ′ y-variables have been tested. Ifpa,b is a path testing less

than l ′ x- and less thanl ′ y-variables, thenea,b is the last
edge on the path (i.e. the edge pointing to a sink).

SinceG has two sinks with out-degree 0 and|G| − 2
internal nodes with out-degree 2,G contains exactly
2(|G| − 2) edges. Hence, by the pigeon hole principle,
there exists an edgee such that for at least

|X||Y|

2(|G| − 2)
>

2n+m

2 · 2l/4−2
≥ 2n+m−l/4+1

≥ 2n+m−l ′+1

inputs (a,b) it holds ea,b = e. Furthermore, there exists
one type of variables – w.l.o.g. they-variables – such that
at least half of the inputs(a,b) with ea,b = e test on their
paths to the edgee less thanl ′ y-variables. Considering
only these inputs, we can then find (again by the pigeon
hole principle) an elementb ∈ Ym and a setX′ ⊆ Xn,∣∣X′∣∣ > 2n−l ′ , such that for alla ∈ X′ it holdsea,b = e and
all pathspa,b test less thanl ′ y-variables before edgee is
reached. Let thisb be fixed from now on.

Now assume first that there exists an elementa ∈ X′

such thatpa,b tests also less thanl ′ x-variables before edge
e = ea,b is reached. Then by definition,e points to a sink.
Let τ be the partial assignment which defines exactly the
path pa,b. (I.e. thei th bit of τ is set to thei th bit of (a,b)
if this bit is tested on the pathpa,b and set to∗ otherwise.)
Since less thanl ′ x- and less thanl ′ y-variables are tested
on pa,b, we haveS(τ ) ≤ 2(l ′ − 1). We choose an arbitrary
x-variablexi 6∈ S(τ ) and letα andβ be the partial inputs
extendingτ by the additional assignmentxi = 0 andxi =

1, respectively. Clearly, we then haveα 6= β, S(α) = S(β)
and the only variable inD(α, β), namelyxi , is tested on no
path frome to a sink. Hence,(α, β) ∈ LG(e). Furthermore,
lettingV = S(α)we get|V | ≤ 2l ′−1≤ l , and since finally
D(α, β) = {xi } ⊆ Xn, the claim is proven for this case.

We now consider the other case, namely that for all
a ∈ X′ the pathpa,b tests exactlyl ′ x-variables before it
reaches edgee. Assume that alla ∈ X′ differ in no variable
being tested on a pathpa,b before edgee is reached. Then
clearly all pathspa,b are equal before edgee, and hence all
a ∈ X′ have the same supportS such that|S∩ Xn| = l ′.
But this is impossible, because there are at most 2n−l ′ pos-
sible assignments to thex-variables not inS, while we have∣∣X′∣∣ > 2n−l ′ .

Hence, there exist two different elementsa′,a′′ ∈ X′

such that there is at least one variablexi ∈ D(a′,a′′) being
tested onpa′,b and pa′′,b before edgee. Let V ′ be the set
of variables being tested onpa′,b andV ′′ be the set of vari-
ables being tested onpa′′,b before edgee is reached on these
paths. Note thatV ′ andV ′′ may contain differentx- andy-
variables, but they have at least the variablexi in common.
Because by construction

∣∣V ′∣∣, ∣∣V ′′∣∣ ≤ 2l ′ − 1, we obtain
for V := V ′ ∪ V ′′ that |V | ≤ 4l ′ − 3. We chooseα to be
the partial assignment with supportV which equals(a′,b)
on the variables inV ′ and equals(a′′,b) on the variables in



V \ V ′. Similarly, we chooseβ to be the partial assignment
with supportV which equals(a′′,b) on the variables inV ′′

and equals(a′,b) on the variables inV \ V ′′. This way,
α andβ are different partial assignments with supportV ,
and have an equal setting to all variables inV \ (V ′ ∩ V ′′).
Hence, D(α, β) ⊆ V ′ ∩ V ′′. Furthermore,α and β in-
duce the sub-paths ofpa′,b and pa′′,b, respectively, which
lead from the source to edgee. Since by construction, each
variable inD(α, β) ⊆ V ′ ∩ V ′′ is tested on both paths be-
fore edgee is reached, we obtain(α, β) ∈ LG(e). Further-
more,α andβ are defined for the sameb, and hence we
haveD(α, β) ⊆ Xn. Together with|V | ≤ 4l ′ − 3 ≤ l , all
three conditions of the claim are fulfilled.

We can now use this lemma in order to prove Theorem 3.

Proof of Theorem 3. Assume thatG is a(1,+(k−1))-BP
for the function f and that|G| ≤ 2l/4−2

+ 1. We describe a
winning strategy for Alice.

In the first round, Alice choosesα1, β1 with supportV1
according to Lemma 4. Hence,|V1| ≤ l , andα1 andβ1
differ only in their settings to thex-variables or only in
their settings to they-variables and are therefore chosen
in accordance with the rules of the game. Furthermore,
(α1, β1) ∈ LG. After that, Bob choosesγ1 ∈ {α1, β1}.

Consider now the(i + 1)th round,i + 1 ≤ t . We let
G|γ1...γi be the(1,+(k − 1))-BP obtained fromG by re-
stricting it to the partial assignmentγ1 . . . γi . (See the proof
of Theorem 1 for how to do this.) Note that the function
f |γ1...γi represented byG|γ1...γi still depends on at leastl
variables. Applying Lemma 4, Alice can find analogously
to the first roundαi+1, βi+1 such thatD(αi+1, βi+1) is a
subset ofXn or of Ym and (αi+1, βi+1) ∈ LG|γ1...γi

. It is
easy to see that then(γ1 . . . γiαi+1, γ1 . . . γiβi+1) ∈ LG and
of courseD(γ1 . . . γiαi+1, γ1 . . . γiβi+1) is also a subset of
eitherXn orYm.

Altogether, we obtain that Alice can make her choices in
such a way that aftert rounds the following holds (recall the
definition ofc andc j at the description of the game).

∀1≤ j ≤ t : (c, c j ) ∈ LG. (9)

Let then I be a set of k indices in {1, . . . , t}
and λ be an arbitrary assignment to the variables in
(Xn ∪ Ym) \ (V1 ∪ . . . ∪ Vt ). We consider the computation
path p of the inputcλ (= γ1 . . . γtλ). Since at mostk − 1
variables can be tested more than once onp, and since the
k variable setsVi , i ∈ I , are all disjoint, there is an index
j ∈ I such that each variable inVj is tested at most once
on p. But clearlyD(c, c j ) ⊆ Vj , and hence Fact 1 together
with (9) tells us thatf |c(λ) = f |c j (λ). Therefore, Alice
has won the game.

Using this technique, one may finally obtain an exponen-
tial lower bound for MUL in the(1,+k)-BP model.

Theorem 4 Any deterministic(1,+k)-BP for MUL has a

size of�
(
2

n
48(k+1)

)
.

Proof of Theorem 4. We prove the theorem for the sub-
function MUL′′ := MUL |x0=1,y0=1, which computes the
middle bit of the product of two oddn-bit integers. Letk ≥
1, l = bn/(12k)− 4/3c, t = 4k andr = 4k + dlogke + 5.
We show that Bob has a winning strategy for the game
G+(MUL ′′, k, l , t). The theorem then follows right away
from Theorem 3.

We even show that Bob wins the game independently
of his choices. Let all the partial assignmentsγi , γ

∗

i with
supportVi (1 ≤ i ≤ t) be somehow determined according
to the rules of the game, and letc andci be defined as usual.
SinceD(c, ci ) = D(γ, γi ) is either a subset ofXn−1 or of
Yn−1, there exists a setJ of at leastt/2 = 2k indices in
{1, . . . , t} such that all setsD(c, c j ), j ∈ J, contain only
variables of one and the same type. Hence, assume w.l.o.g.
that D(c, c j ) ⊆ Xn for all j ∈ J.

We let z ∈ Z∗2n be the odd integer obtained by fixing
z0 = 1 and setting all bitszi , 1 ≤ i < n, according to the
setting of thex-variablesxi in c (= γ1 . . . γt ) if xi ∈ S(c)
and lettingzi = 0 if xi 6∈ S(c). In an analogous way we
obtain the integersz j , j ∈ J, from the partial assignments
c j .

Consider now an arbitrary partial assignmentλ =
(λx, λy) to the variables in(Xn−1∪Yn−1) \ (V1∪ . . .∪Vt ).
(Hereλx denotes the partial assignment to thex-variables
and λy the partial assignment to they-variables.) Let
x = |λx|. Thex-integer represented by the inputcλ then ob-
viously isz+x and thex-integer represented byc j λ, j ∈ J,
is z j + x. Similarly, λy together with the setting of they-
variables defined byc defines a unique integery ∈ Z∗2n .
Note that for j ∈ J this integer is the same, if we replace
c with c j , because thenγ j andγ ∗j do not differ in they-
variables. Hence, the integersx andy are uniquely defined
by the choice of(λx, λy).

Let X′ be the set of all the integersx and Y∗ be
the set of all the integersy that can be obtained this
way from the partial assignments(λx, λy) with support
(Xn−1 ∪ Yn−1) \ (V1 ∪ . . . ∪ Vt ). In order to show that Bob
has won the game, we have to prove that there exists a par-
tial assignmentλ = (λx, λy) with support(Xn−1 ∪ Yn−1) \

(V1 ∪ . . . ∪ Vt ) and a setI ⊆ J, |I | ≥ k, such that

∀ j ∈ I : MUL ′′|c(λ) 6= MUL ′′|c j (λ).

In our notation, this is equivalent to showing that there ex-
ists a pair(x, y) ∈ X′ × Y∗ and a setI ⊆ J, |I | ≥ k, such
that

|I | ≥ k and (10)

∀ j ∈ I : MUL(z+ x, y) 6= MUL(z j + x, y).



Note thatV1∪. . .∪Vt contains at mosttl variables. Since
λx andλy are partial assignments to thex- andy- variables
not in V1 ∪ . . . ∪ Vt , we have

∣∣X′∣∣, |Y∗| ≥ 2n−1−tl and∣∣X′∣∣ · |Y∗| ≥ 22n−2−tl . We consider now the|J| = 2k pairs
(z, z j ), j ∈ J. By Lemma 2, there exists a subsetY′ ⊆ Y∗

such that

∀y ∈ Y′, j ∈ J : (11)

4 · 2n−r
≤
(
(z j − z)y

)
mod 2n ≤ 2n

− 4 · 2n−r ,

and
∣∣Y′∣∣ ≥ |Y∗| − |J| · 2n−r+2. Recalling thatr =

4kl + dlogke + 5 andt = 4k, we obtain

|J| ·2n−r+2
= 2k ·2n−4kl−dlogke−3

≤ 2n−tl−2
≤
∣∣Y∗∣∣/2.

Hence,
∣∣Y′∣∣ ≥ |Y∗| − |Y∗|/2 ≥ |Y∗|/2. Using l ≤

n/(12k)− 4/3, this yields∣∣X′∣∣ · ∣∣Y′∣∣ ≥ ∣∣X′∣∣ · ∣∣Y∗∣∣/2 ≥ 22n−tl−3
= 22n−4kl−3

= 2(5/3)n+(16/3)k−3
≥ 2(5/3)n+7/3.

(For the last inequality we have usedk ≥ 1.) Using this
inequality, we obtain further

2n+2r+1
= 2n+8kl+2dlogke+11

= 2(5/3)n−(32/3)k+2dlogke+11
≤
∣∣X′∣∣ · ∣∣Y′∣∣.

Hence, we may apply Lemma 3, and obtain an elementy ∈
Y′ such that

∀q ∈
{
0, . . . ,2r

− 1
}
∃x ∈ X′ :

q2n−r
≤ (xy) mod 2n < (q + 1)2n−r . (12)

Let this y be fixed from now on.
Note that for any z j , j ∈ J, we

have either 2n−1
≤
(
(z j − z)y

)
mod 2n or

2n−1
≤
(
(z− z j )y

)
mod 2n. Hence, either forC = −1 or

for C = 1 we obtain for at least half of the indicesj ∈ J
that 2n−1

≤
(
C(z j − z)y

)
mod 2n. Let I be the set of these

indices,|I | ≥ |J|/2. Invoking (11), we get then altogether

∀ j ∈ I : (13)

2n−1
≤
(
C(z j − z)y

)
mod 2n ≤ 2n

− 4 · 2n−r .

We may apply now Proposition 2, noting that due to (12)
and (13) all preconditions of this proposition are fulfilled
for the elementsz j ∈ I . Hence, we obtain that there exists
x ∈ X such that MUL(x + z, y) > MUL(x + z j , y) for all
j ∈ I . Since|I | ≥ |J|/2≥ k, this proves (10).
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