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Fundamentals of 
Computer Animation

Quaternions as Orientations (2)
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Visualizing a Unit Quaternion 
Rotation in 4D Space

[ ] ( ) scalarwzyxvvwq === ,,,,,

( ) 2222 zyxwqNormq +++== qqq =

Arbitrary axis Angle of rotation

• q form a sphere of unit length in the 4D space

• You can get a 180 degree rotation of a quaternion by 
simply inverting the scalar (w) component
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Multiplying Quaternions

q1 = (w1, x1, y1, z1);
q2 = (w2, x2, y2, z2);

q1 * q2 = ( w1.w2 - v1.v2, w1.v2 + w2.v1 + v1 X v2)

where 

v1 = (x1, y1, z1)
v2 = (x2, y2, z2)

Order of multiplication is important! 
Quaternion multiplication is not commutative:

q1 * q2 does not equal q2 * q1
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Conversion From Quaternions

( )zyxwq ,,,=

To form a matrix equivalent to a unit quarternian: 
(w2+x2+y2+z2)=1

The columns are rotations of the principal axes by the unit 
quarternian, to rotate an axis v by the quarternian q:  vrot =
qvq-1 thus it is relatively simple to calculate the conversion 
matrix below.
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Quaternion to Matrix
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Converting quarternian to matrix   
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M0,0   M0,1   M0,2

M1,0   M1,1   M1,2

M2,0   M2,1   M2,2

z2

Sum of diagonals= 1-2y2-2z2 +1-2x2-2z2 + 1-2x2-2y2 = 3-4x2 –4y2-4z2

But (w2+x2+y2+z2)=1
so sum = 3 – 4(1-w2) = 4w2 –1
w = sqrt(1+M0,0+M1,1+ M2,2)/2
M0,0=1-2y2-2z2=1 - 2(y2+z2) = 1 – 2(1 - x2+w2) = 2x2+2w2 –1

similarly for y and z
x = sqrt(1/2(M0,0+1-2w2))
y = sqrt(1/2(M1,1+1-2w2))
Z = sqrt(1/2(M2,2+1-2w2))
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Conversion From Quaternions

Quaternion to Axis Angle
To change a quaternion to a rotation around an arbitrary axis in 3D space:

Axis of rotation (ax, ay, az) 
angle                theta (radians)

then

angle= 2 * acos(w)

ax= x / scale 
ay= y / scale 
az= z / scale 

where 
scale = x2 + y2 + z2

if the scale is 0 no rotation and the 
axis will be infinite. 

In this case:

Set the rotation axis to any unit vector 
with a rotation angle of 0.
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Example Camera Orientation

Euler

glRotatef( angleX, 1, 0, 0)
glRotatef( angleY, 0, 1, 0)
glRotatef( angleZ, 0, 0, 1)
// translate

Quaternion

// convert Euler to quaternion
// convert quaternion to axis angle
glRotate(theta, ax, ay, az)
// translate 

Gimbal Lock?

YES YES
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Conversion To Quaternions

Axis Angle to Quaternion

Axis of rotation (ax, ay, az) /* must be unit vectors */
angle                theta (radians)

then

w = cos (theta/2) 
x  = ax * sin (theta/2) 
y  = ay * sin (theta/2) 
z  = az * sin (theta/2) 

If the axis is a zero vector no rotation

In this case:

Set the quaternion to the 
rotation identity quaternion 

q= [1,(0, 0, 0)]
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Conversion To Quaternions

if you have three Euler angles (a, b, c),

then you can form three independent quaternions:

Qx = [ cos(a/2), (sin(a/2), 0, 0) ]
Qy = [ cos(b/2), (0, sin(b/2), 0) ]
Qz = [ cos(c/2), (0, 0, sin(c/2)) ] 

And the final quaternion is obtained by Qx * Qy * Qz.

Euler to Quaternion
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How can quaternions avoid Gimbal Lock? 

Basic Idea:

1. Use a quaternion to represent the rotation. 

2. Generate a temporary quaternion for the change from 
the current orientation to the new orientation. 

3. PostMultiply the temp quaternion with the original 
quaternion. This results in a new orientation that 
combines both rotations. 

4. Convert the quaternion to a matrix and use matrix 
multiplication as normal. 
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Linearly interpolating fixed 
angles from (0,90,0) to 

(90,0,90)

Interpolating quaternions from 
(0.5,0.0,1.0,0.0) to (0.5,0.5,0.5,0.5) 
using spherical linear interpolation
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Quaternion Interpolation

Fixed angles

(90,0,90)(0,90,0) 

quaternions

[0.7,0.0,0.7,0.0] [0.5,0.5,0.5,0.5]



Quaternions as points on a 4D sphere

Unit quaternion: q=(s,x,y,z), ||q|| = 1

Want equal increment along arc connecting two
quaternions on surface of sphere
spherical linear interpolation 
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Equally spaced linear 
interpolation of straight-line 
path between two points on a 
circle generate unequal spacing 
of points after projecting onto a 
circle.

Quaternion Interpolation
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Interpolation of Rotations

• How can we interpolate between two 
quaternion rotations along the shortest arc?

• Spherical Linear intERPolation (SLERP) 

( ) ( )( ) ( )
( )θ

θθ
sin

sin1sin,, 21
21

tqtqtqqSLERP +−
=

21cos qq •=θ
Nick Bobick
“Rotating Objects Using Quaternions”
GameDeveloper, Feb 1999
(available at course website)

s1,s2 + v1•v2
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Interpolation

Euler Angles: [x,y,z] = (1- α)[xa,ya,za] + α[xb,yb,zb]

K = (1-α) A + α BScalar: (linear interpolation: lerp)

Quaternions?: Linear interpolation of quaternion 
values would give unequal rotation 
increments - need to slerp 
(spherical linear interpolation)
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The closer of the two representations of orientation is the better choice 
to use in interpolation.

Orientation – two representations
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q form a sphere of unit length in the 4D space

SLERP



Practical use for quaternions (1) 
Camera rotations in third-person-perspective games 



University of Calgary GraphicsJungle Project                   CPSC 587 2005

CPSC 587/687

page 20

Practical use for quaternions (1) 

Camera rotations in third-person-perspective games 
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Practical use for quaternions (2) 

• Instead of recording camera movements by playing the game (as 
many games do today), you could prerecord camera movements 
and rotations using a commercial package such as Softimage 3D or
3D Studio MAX. 

• Then, using an SDK, export all of the keyframed camera/object 
quaternion rotations. This would save both space and rendering 
time. 

• Then you could just play the keyframed camera motions whenever 
the script calls for cinematic scenes. 

Prerecorded (but not prerendered) animations


